Benha University Engineering Mathematics (1) A

Faculty of Engineering — Shoubra Final Exam. 1/1/2018
Mechanical engineering Department Time allowed 3 hour
First year ( production Branch) - " Total Mark (105) 21 for each question

Answer the following questions:
Question (1)

(@) Use the power series to solve the differential equation y"” —2xy' +y=0.

(b) Given w =f (Xx,y), X =rcos@,y =rsiné
Show that (w,)2 + (w,)” = (W,)? + 5 (Wy)?

(c) Find the local extrema of the function f(x,y) = x* + 4y* — x + 2y
Answer (a)

o0
We assume there is a solution of the form y = 3 a,x "
n=0

We can differentiate the power series term by term, so

r_ Z n-1 "__ 2 1 n-2
y'= X napx y"= 2 n(n-Dapx

(0 0] o0 o0

Substitute in the equation ¥ n(n—-1)a, x"?-2¥ na,x" + ¥ a,x" =0
n=2 n=1 n=0

Let the first series start from O

o0 n o0 n 0.0] n
(N+2)(n+DayoX  — X 2napx " + X apx =0
n=0 n=1 n=0
Separate first term from the first and third series to both start from 1

o0 o0 o0
2a) +ag+ Y (N+2)(N +Day,ox "= Y 2nax " + Y ax" =0
n=1 n=1 n=1

o0
Now collect the series  2as +ag+ X [(n +2)(n +1)a,,o—(2n -Da, [x" =0
n=1

Then we have 2a,+ay=0 — ay :_%



[(n+2)(n+Day - (2n-1)a, ], n=1,2,3,...

2n -1

an+2:(n+1)(n+2)an’ n=123,.. (7)

We solve this recursion relation by putting successively in Equation 7

1
Put n=1: A =—a
37537
3 3 3
Put n=2: ag=—agyp=—-—-"- -
4734%2 7 1034 a0
5 5 1 5
BT 58T 4523 5t
7 3.7 3.7
67564 56m 0 g0
_ 159
Put n=>5: a7_Ta1
PUt n=6:  ag=_rag=- 11
7.8 8!
13 1.5.9.13
Put n=7: =—ay=-— a
%= 59% g1 1
In general, the even coefficients are given by ay, = _3'7'1](--2--(‘)1:‘ —9)
n)!
. . 1.5.9...(4n -3)
And the odd coefficients are given by ar,_q = a
SVEREY ST oy
The solutionis Yy =a0(1—ixz—ix4—3'7x6—3'7'11x8+...j
2! 41 6! 8!

Ex S, 1'5'9x [ 1'5'9'13x 9, j

oy
+q X + =X+
3! o! 7! 9!

1 5 2 3711.(4n-5) o
—anl1-=x?2_
ory ao{ TR eyt j

®© 159.13.(4n-3) onu1
+a1(x + nzzl (2n +1)! X :




Answer (b)

ow _ 0w o0x away ow
or axar ayar OX

a_W=@a—X+@ﬂ @( rsm0)+a—(rcos¢9)
00 o0xo060 oyol ox oy

2 2
(%) %coséwﬁsma
or OX oy

2 2
(%) c0520+2%%00303in0+ ﬂ sin@
OX oX oy oy

5 2
(%) {ﬂ(_r sin6)+ 2 (¢ cosé’))
00 OX oy

2 2
=(%) rzsinza—Z%%rzsinecosa+ ﬂ r200520
OX OX oy oy
owY 1 (aw) ., .owow ow )
(—) —=(—) sin©@—-2——sin@cos@+| — | cos“ @
00 ) r2 \ ox OX Oy oy

2 2 2 2
(%) +(a—) i:(@) cos® 6 + 2@@ Osing + ow sin% @
or 0) r2 \ox y oy

—C0s@ + @sma
oy

2 2 2 2
=(Z\)/(V (cos? @ +sin 0)+(6Wj (c0520+sin20)=(5ﬂ) +[@j

X oy
Answer (c)
f(x,y)=x2+4y2—x+2y
i=2x—1, i=8y +2
OX oy

Since f,and f,exist for every (x, y)the only critical points are the solution of
the following system of two equation in two variables

i=2)(_]_=0 i=8y-i—2=0
OX oy



Which is the point (%,_Tl)

o’ _, o _, o 0% 0% [azf

y =0, =0 DX, = -
ox 2 dy 2 oy Ox x.y) ox2oy? |oyox

2
} =(2)(8)-(0)° =16>0

Since —f=2>o then f(%,_?l) is a local minimum for the function f(x,y)

Question (2)

(@) If g=2x3y%z* find V.Vg.and VxVg

(b) Evaluate [F.dr where F = (5xy —6x°)i +(2y —4x)j  along the curve
C

y =x3 from the point (1,1) to the point (2,8).

2 2X
(c)Evaluate [ [ (x3+4y)dy dx
0 2

Answer (a)

Vo =V(2x3y %z 4= i(2x 3y 22 % + i(2x3y 22 + i(2x 3y 22 MK
OX oy 0z

247

=6x°y %24 +4x3yz 4] +8x3y %2 3k

—

§.§¢:(%T+%]+2R).(6x2y224 |+4x3y 74 ]+8x3y223?)

0z
= i6x2y224 + i4x3y 2+ 28x3y223
OX oy 0z

= 12xy224 +4x37% + 24x3y222.

Answer (b)
s [Fdr=] [(Bxy-6x?)i+(2y-4x)] ] (dxi+dy])
C C
= [(5xy—6x2)dx+(2y—4x)dy]
C

Substitute by y=x° and dy = 3x%dx



to determine the limits of integration we use the start and end points as
follows. at (1,1) x=1,at (2,8) x=2

o [(5xy —6x2)dx + (2y —4x)dy}
C

:5x(x3)——6x2-+(2(x3)—-4x)(3x2)]dx

e N N

B 2
6x5+5x4—12x3—6x2}dx=[x6+x5—3x4—2x3}1

25—+ (2°-1-302*-1)-202%-1)
= 65+31-45-14=35

Answer (c)
2 2x 2 [2x 2 y =2X
[ (x3+4y)dydx=f | (x3 + 4y )dy dx = | (x3y +2y2)‘ , dx
0 x? 0 [x? 0 y=x

2 2

= [(2x4+8x2)—(x5+2x4)}dx = [8x2—x5]dx
0 0

8,5 Lg[T_64 64 _64_32
30 6 |, 3 6 6 3

Question (3)

Find the general solution of the following differential equations:

(a) xydx + (x* + 1)dy = 0
(b) Bx+y)dx+ (x+3y)dy=0
(©) y' +y.tanx = sinx

Answer (a)

Divided the equation by y(x2 +1)

X d . : :
dx + Y 0 The variables are separated, integrate the equation

(X% +1) y




| 2X dx + | d—y=c
(x“+1) y

%In(x2 +1)+Iny=Inc

1
In(x>+1)2 +Iny=Inc

In«/(x2 +1)+Iny=c—In y\/(x2+1) =Inc—> y\/(x2+1) =C

The solution of the equation is y2x2 + y2 =C

Another solution

Xydx + (x2 +1)dy=0
Xydx + (xzdy +dy)=0
X(ydx + xdy)+dy=0
xd(xy)+dy=0
(xy)d(xy)+ ydy=0

Integrate %(Xy)2+%y2=c = X2y2+y2=C

Answer (b)

M=Bx+y), N=(x+3y)
M_ N _

l

oy X
oM ON . . : .
now 6_y = a_x thus the equation is exact differential equation

oF(x,y)
6X - M(X,y)

to find the solution function F (X, y)we use (4) since

~FOGY)=[ M y)dx =] (3x+ y)dx =gx2 + yx+ f(y) (*) we set
the constant of integration f(y) as a function of y
to determine f(y)differentiate (*) with respecttoy

TN xstty ™)




using (5) i.e. equate (**) by N(X,Y)

oF (X, Y)
oy
S X+3y=x+ f'(y)

“N(X,y)=

f'(y) = 3y.which show that f(y) =§y2
o 3.2 3.2
Hence the general solution is F(X'y)=EX +yx+5y =C

X y
we can use the direct method ~ F(X,y)=[ M(X,y)dx+ [ N(0,y)dy=C
0 0

X

F(x,y)=[ (3x +y)dx+)} 3ydy =C
0 0

F(x,y)=gx2+yx+;y2=c

We can solve the equation as homogenous equation.

Another solution

(Bx+y)x +(x+3y)y =0
3(xdx +dy )+ (ydx +xdy )=0

gd (x2+y2)+d (xy)=0

Integrate the last equation then gd (X2 +y 2) +d (xy )= 0

g(x2+y2)+(>ql)=c

Answer (c)

The equationis alinearand P(Xx)=tanx, Q(x)=sinXx
We can determine the integrating factor
[ P(x)dx=] tanxdx=Insecx

Insec x

SH=e =Sec X

multiply the equation by sec x



y’'sec X + ysec xtan X =sec Xsin X = tan x

which is exact differential equation

and the left side is the derivative of ysec X
~.d(ysecx)=tanx by integration

ysecx = tanxdx=secx+C

ysecx=secx+C

Question (4)

(@) Find the general solution for y'" — 5y — 6y = e* sinh 6x

(b) By variation of parameter solve y" + n? = cosecnx .

(c) Find the general solution for xy"+(x—-1)y'—y=0 qgiven that
y =e~* is one solution.

Answer (a)

The characteristic equation is

m?—5m+6=0 then (m-2)(m-3)=0—>m=2,3 and

3X 2X
y.=C.e”" +Coe

and
y|o=2;exsinh6x=eX 5 ! sinh2x
D“-5D+6 (D+1)°-5(D+1)+6
=e* 5 L sinh6x=ex%sinh6x
D“+2D+1-5D-5+6 Dc—-3D+2
=e"2;sinh6x=eX sinh6x=estinh6x
62— 3D+ 2 38— 3D 382 _9D
eX

= ————(38sinh6x — 18cosh6x)
382 - 9(6)?

Then the general solution in the form

X

e—62(38sinh 6x —18cosh6x)

3X 2X
Yo =Ce”" +Ce™" +
G 1 2 382—9()



http://en.wikipedia.org/wiki/Derivative

Another solution

eXsinh6x =%2;6ex(e6x —e_GX)
Dc-5D+

E;((Jx _e—5x)_£[;e7x _;e—Sx)
- 2 2
2D"-5D+6 2\ D -5D+6 D“-5D+6

% _ 1 e—5x =E(ie7x_le—5xj
—5(7)+6  (=5)2—5(5)+6 220 6

Then the general solution in the form

P02 _5p+6

1( 1 1
—C,e3X 4 C.e2X p 2| T g?X _Zg™dX
Yo =% 2 (20 6

Answer (b)

The characteristic equation for the homogeneous equation in the form

m2 + n2 = 0which has a roots are m==ni then the solution

Y =Acosnx + B sinnx

Where A, B are arbitrary constant

Let the general solution in the form

Yo = A(X)cosnx + B(x)sinnx 3
Subject to A'cosnx+ B'sinnx=0 (4
Then y' =—nAsinnx + nB cosnx (5)

y"=—-nA’sinnx — n?Acosnx +nB’cosnx —n 2B sinnx
Substitute in (1) then —nA'sinnx + nNB'cosnx = cosecnx (6)

Solve (4) with (6)-multiply (4) by nsinnx and (6) by cosnx we have

2

nA’cosnxsinnx +nB’sin“nx =0

—nA’sinnx cosnx + nB'cos? nNx = cosnx Cosecnx
Adding the equations then nB’(sin®nx + cos® nx ) = cotnx
B’ =lcotnx - B(x)— Insinnx +C,

Use equation (4) A’cosnx + %cotnx sinnx =0

A'=-1 - A==X4C,



Substitute in (3) e =(‘n—X +C1)cosnx +(nizlnsin nx +C Z)Sin nx

nnx ) X
5 Insinnx + —cosnx

n n

: si
yg =C,cosnx +C ,sinnx +

Answer (c)
xy"+(x=1)y'-y =0
y =e¥is a solution for the equation

Let the generalis y =ve*

X —X

y'=ve™" —ve

y"=ve - ™ 4ve*
Substitute in the homogeneous equation

xy"+(x-1)y'-y =0
vike T —rxe X +vxe ¥ + (x =DV X —ve*)—ve ¥ =0
v% —-vXx-v'=0

v’ ox+1 , : X X _aX
—=—— Inv'=x+Inx =v'=cixe” =>v =c (xe” —e” )+c,

\' X

X

y =ci(x—1)+ce”

Question (5)

(a) Evaluate §F.dr where F = (2x—3y)i+yj and C is the circle
C
x> +y*=4
(b) Apply Green's theorem to evaluate ¢ F.dr where F=(x—y) i+ (x+¥)J
C

and C is the closed curve in xy —plane consistingof y = x2,x =y?.

(c) Use the divergence theorem to evaluate ~ {f F.nds
S

where F=2xyi+yz2j+xzk andSisthe surface of parallelogram

boundedby x=0,y=0,z=0,x=2,y=1,z=3.

10



Answer (a)

by using parametric equation of the circle X =2c0s8, y=2siné

~.dx=-2sin0dO, dy=2cos6dO, 0<6<2m

r= [ (2x-3y)dx +ydy
C

[(4cos@) — 6sin@][-2sin@]d& +[2sinf][2cosH]dE

el
i’

= [ (~4sin@cos@ +12sin° @)dg =12z
0

Answer (b) e

The two curves intersects at (0,0),(1,1)

(LD

j sz [(x—y)f+(x+y)T].[de+dy j_]
c

- =X
x? 0 3 0
Answer (c)
~[[[VF dV =[[F nds
% S

F=2yX|+yz j+XZk and §E—Zy+22+x

];]' S—mVFdV m [Zy +7 +dexdydz

1
| [2yx+22x +1x2} dydz
0 2 1o

[Zy +2° +x]dxdydz =

O ey N
O =y O

[4y +22°%+ 2]dydz =:o|: [Zy 2+22%y +2y ];dz

Oty | O ey |2

0
2 3
[4+2z2]dz =[4z +§z3} =12+18=30

Il
Oy () O Gy () O ey O

Dr. Fathi Abdessalam
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